Abstract. Let F be a totally real number field, ℘ a place of F above p. Let ρ be a 2-dimensional p-adic representation of Gal(F /F ) which appears in theétale cohomology of quaternion Shimura curves (thus ρ is associated to Hilbert eigenforms). When the restriction ρ℘ := ρ| D℘ at the decomposition group of ℘ is semi-stable non-crystalline, one can associate to ρ℘ the so-called Fontaine-Mazur L-invariants, which are however invisible in the classical local Langlands correspondence. In this paper, we prove one can find these L-invariants in the completed cohomology group of quaternion Shimura curves, which generalizes some of Breuil's results [6] in the GL 2 /Q-case.
Introduction
Let F be a totally real number field, B a quaternion algebra of center F such that there exists only one real place of F where B is split. One can associate to B a system of quaternion Shimura curves {M K } K , proper and smooth over F , indexed by compact open subgroups K of (B ⊗ Q A ∞ ) × . We fix a prime number p, and suppose that there exists only one prime ℘ of F above p. Suppose B is split at ℘, i.e. (B ⊗ Q Q p ) × ∼ = GL 2 (F ℘ ) (where F ℘ denotes the completion of F at ℘). Let E be a finite extension of Q p sufficiently large with O E its ring of integers and ̟ E a uniformizer of O E .
Let ρ be a 2-dimensional continuous representation of Gal(F /F ) over E such that ρ appears in thé etale cohomology of M K for K sufficiently small (so ρ is associated to Hilbert eigenforms). By the theory of completed cohomology of Emerton ([21] ), one can associate to ρ a unitary admissible Banach representation Π(ρ) of GL 2 (F ℘ ) as follows: put
where K p denotes the component of K outside p, and K ′ p runs over compact open subgroups of GL 2 (F ℘ ). This is an E-Banach space equipped with a continuous action of GL 2 (F ℘ ) × Gal(F /F ) × H p where H p denotes the E-algebra of Hecke operators outside p. Put Π(ρ) := Hom Gal(F /F ) ρ, H 1 (K p , E) .
The representation Π(ρ) is supposed to be the right representation of GL 2 (F ℘ ) corresponding to ρ ℘ := ρ| Gal(F℘/F℘) in the p-adic Langlands program (cf. [7] ). In nowadays, we know quite little about Π(ρ), e.g. we don't know wether it depends only on the local Galois representation ρ ℘ . By local-global compatibility of the classical local Langlands correspondence for GL 2 /F (for ℓ = p), one can indeed describe the locally algebraic vectors of Π(ρ) in terms of the Weil-Deligne representation WD(ρ ℘ ) associated to ρ ℘ and the Hodge-Tate weights HT(ρ ℘ ) of ρ ℘ via the local Langlands correspondence. However, in general, (unlike the ℓ = p case), when passing to WD(ρ ℘ ), HT(ρ ℘ ) , a lot of information about ρ ℘ is lost. Finding the lost information in Π(ρ) is thus one of the key problems in p-adic Langlands program (this is in fact the starting point of Breuil's initial work on p-adic Langlands program, cf. [5] ).
In this paper, we consider the case where ρ ℘ is semi-stable non-crystalline and non-critical (i.e. ρ ℘ satisfies the hypothesis 4.1). In this case, the missing data, when passing from ρ ℘ to WD(ρ ℘ ), HT(ρ ℘ ) , can be explicitly described by the so-called Fontaine-Mazur L-invariants L Σ℘ = (L σ ) σ∈Σ℘ ∈ E d associated to ρ ℘ (e.g. see §4.1), where Σ ℘ denotes the set of Q p -embeddings of F ℘ in Q p . Using these L-invariants, Schraen has associated to ρ ℘ a locally Q p -analytic representation Σ WD(ρ ℘ ), HT(ρ ℘ ), L Σ℘ of GL 2 (F ℘ ) over E (cf. [37, §4.2] , see also §4.2), which generalizes Breuil's theory [4] in GL 2 (Q p )-case. Note that one can indeed recover ρ ℘ from Σ WD(ρ ℘ ), HT(ρ ℘ ), L Σ℘ . The main result of this paper is the Such a result is called local-global compatibility, since the left side of this injection depends only on the local representation ρ ℘ while the right side is globally constructed. Moreover, one can prove the "uniqueness" (in the sense of Cor.4.6) of Σ WD(ρ ℘ ), HT(ρ ℘ ), L Σ℘ as subrepresentation of Π(ρ) Qp−an .
As a result, we see the local Galois representation ρ ℘ is determined by Π(ρ). Such a result in the Q p -case, proved by Breuil ([6] ), was the first discovered local-global compatibility in the p-adic local Langlands correspondence. In fact, the L-invariants appearing in the automorphic representation side are often referred to as Breuil's L-invariants. The theorem 0.1 thus shows the equality of Fontaine-Mazur Linvariants and Breuil's L-invariants. Our approach is by using some p-adic family arguments on both GL 2 -side and Galois side, thus different from that of Breuil (by using modular symbols).
In the following (of the introduction), we sketch how we manage to "find" {L σ } σ∈Σ℘ in Π(ρ). For simplicity, suppose ρ ℘ is of Hodge-Tate weights (−1, 0) Σ℘ (thus ρ ℘ is associated to Hilbert eigenforms of weights (2, · · · , 2; 0) in the notation of [14] ). Let τ ∈ Σ ℘ , it's enough to find L τ in Π(ρ) τ −an the maximal locally τ -analytic subrepresentation of Π(ρ) in the sense of (2) below:
Denote by Z 1 := a 0 0 a a ∈ 1 + 2̟O ℘ (where O ℘ denotes the ring of integers of F ℘ and ̟ is a uniformizer of O ℘ ), consider H 1 (K p , E) Z1 τ −an . By applying Jacquet-Emerton functor, one gets an essentially admissible locally τ -analytic representation of T (F ℘ ):
, which is moreover equipped with an action of H p commuting with that of T (F ℘ ). Following Emerton, one can construct an eigenvariety V τ from J B ( H 1 (K p , E) Z1 τ −an ), which is in particular a rigid space finite over T τ , the rigid space parameterizing locally τ -analytic characters of T (F ℘ ) (cf. Thm.3.1). A closed point of V τ can be written as (χ, λ) where χ is a locally τ -analytic character of T (F ℘ ) and λ is a system of Hecke eigenvalues (for H p ).
One can associate to ρ an E-point z ρ = (χ ρ , λ ρ ) of V τ , where χ ρ = unr(α/q) ⊗ unr(qα) unr(a) denotes the unramified character of F × ℘ sending ̟ to a , λ ρ denotes the system of eigenvalues of H p associated to ρ (via the Eichler-Shimura relations), {α, qα} are the eigenvalues of ϕ d0 on D st (ρ ℘ ) (where d 0 is the degree of the maximal unramified extension of Q p in F ℘ , q := p d0 ). Moreover, by multiplicity one result on automorphic representations of (B ⊗ Q A) × , one can prove as in [16, §4.4 ] that V τ is smooth at z ρ (cf. Thm.3.26, note that by the hypothesis 4.1, z ρ is in fact a non-critical point).
Let t : Spec E[ǫ]/ǫ 2 → V τ be a non-zero element in the tangent space of V τ at z ρ , via the composition
× , which is in fact an extension of χ ρ by χ ρ . One key point is that, by applying an adjunction formula in family for the Jacquet-Emerton functor (see [21, Lem.4.5.12] for the GL 2 (Q p )-case) to the tangent space of V τ at z ρ , one gets a non-zero continuous morphism of GL 2 (F ℘ )-representations (where B(F ℘ ) denotes the group of lower triangular matrices) (see (40) ) (1) Ind
where δ := unr(q −1 ) ⊗ unr(q) and we refer to [37, §2] for locally τ -analytic parabolic inductions, and where the right term denotes the generalized λ ρ -eigenspace of
Another key point is that one can describe the character χ ρ in term of L τ :
Lemma 0.2 (cf. Lem.4.13). There exists an additive character χ of
and log τ,L denotes the additive character of
To prove this lemma, one considers the p-adic family of Galois representations over V τ . In fact, there exist an admissible neighborhood U of z ρ in V τ and a continuous representation ρ U : Gal(F /F ) → GL 2 (O U ) such that the evaluation of ρ U at any classical point of U (which thus corresponds to certain Hilbert eigenforms h) is just the Galois representation associated to h. Via the map t, one gets a continuous representation ρ :
2 ) which satisfies ρ ≡ ρ (mod ǫ). By the theory of global triangulation [28] , one can obtain an exact sequence (cf. (36)):
where ρ ℘ := ρ| Gal(F℘/F℘) . The lemma then follows by applying the formula in [41, Thm.1.1] (which generalizes Colmez's formula [18] in Q p -case) to ρ ℘ .
Return to the map (1). We know Ind
where s depends on L τ and χ as in the lemma 0.2. On the other hand, it's known that Ind
, which turns out to be independent of the character χ in Lem.0.2 and thus depends only on L τ . At last, one can prove that (1) induces actually a continuous injection of locally τ -analytic representations of
It seems this argument might work for some other groups and some other Shimura varieties. For example, in the GL 2 /Q-case (with Coleman-Mazur eigencurve, reconstructed by Emerton [21, §4] using completed cohomology of modular curves), by restricting the map [21, (4.5.9) ] to the tangent space at a semi-stable non-crystalline point, one can obtain a map as in (1) . On the other hand, one can prove a similar result as in Lem.0.2 by Kisin's theory in [29] and Colmez's formula [18] . Combining them together, one can actually reprove Breuil's result in [6] for locally analytic representations and thus obtain directly the equality of Fontaine-Mazur L-invariant and Breuil's L-invariant without using Darmon-Orton's L-invariant (as in Breuil's original proof [6] ).
We refer to the body of the text for more detailed and more precise statements.
After the results of this paper was firstly announced, Yuancao Zhang informed us that he had proved the existence of L-invariants in Π(ρ) in certain cases by using some arguments as in [8, §5] , however, the equality between these L-invariants and Fontaine-Mazur L-invariants was not proved.
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Notations and preliminaries
Let F be a totally real field of degree d over Q, denote by Σ ∞ the set of real embeddings of F . For a finite place l of F , we denote by F l the completion of F at l, O l the ring of integers of F l with ̟ l a uniformiser of O l . Denote by A the ring of adeles of Q and A F the ring of adeles of F . For a set S of places of Q (resp. of F ), we denote by A S (resp. by A S F ) the ring of adeles of Q (resp. of F ) outside S, S F the set of places of F above that in S, and A Let p be a prime number, suppose there exists only one prime ℘ of F lying above p. Denote by Σ ℘ the set of Q p -embeddings of Let B be a quaternion algebra of center F with S(B) the set (of even cardinality) of places of F where
where H denotes the Hamilton algebra, and B ⊗ Q Q p ∼ = M 2 (F ℘ ). We associate to B a reductive algebraic group G over Q with G(R) := (B ⊗ Q R) × for any Q-algebra R. Set S := Res C/R G m , and denote by h the morphism
The space of G(R)-conjugacy classes of h has a structure of complex manifold, and is isomorphic to h ± := C \ R (i.e. 2 copies of the Poincaré's upper half plane). We get a projective system of Riemann surfaces indexed by compact open subgroups of G(A ∞ ):
where G(Q) acts on h ± via G(Q) ֒→ G(R) and the transition map is given by
has a canonical proper smooth model over F (via the embedding τ ∞ ), denoted by M K , and these {M K } K form a projective system of proper smooth algebraic curves over F (i.e. the transition map (3) admits also an F -model).
Note that one has a natural isomorphism
Denote by Z 0 the kernel of the norm map N :
Denote by Art F℘ :
F℘ the local Artin map normalized by sending uniformizers to geometric Frobenius elements where
, thus one has
Denote by unr(a) the unramified character of F × ℘ sending ̟ to a.
Let V be an E-vector space equipped with an E-linear action of A (with A a set of operators), χ a system of eigenvalues of A, denote by V A=χ the χ-eigenspace, V [A = χ] the generalized χ-eigenspace, V A the vector space of A-fixed vectors.
Denote by B(F ℘ ) resp. B(F ℘ ) the subgroup of GL 2 (F ℘ ) of upper (resp. lower) triangular matrices, T (F ℘ ) the group of diagonal matrices, N (F ℘ ) the group of unipotent elements in B(F ℘ ),
Locally Q p -analytic representations of GL 2 (F ℘ ). Recall some notions on locally Q p -analytic representations. Let V be a locally Q p -analytic representation of GL 2 (F ℘ ) over E, i.e. a locally analytic representation of GL 2 (F ℘ ) with GL 2 (F ℘ ) viewed as a p-adic Q p -analytic group, V is naturally equipped with a Q p -linear action of the Lie algebra g of GL 2 (F ℘ ) thus an E-linear action of g Σ℘ := g ⊗ Qp E given by
Using the isomorphism (with n ∈ Z >0 ) whose image contains v, if the g J -representation U can moreover give rise to an algebraic representation of GL 2 (F ℘ ), then we say that v is J-classical. In particular, v is Σ ℘ \ J-classical if v is locally J-analytic. Note that v is ∅-analytic is equivalent to that v is Σ ℘ -classical and equivalent to that v is a smooth vector for the action of GL 2 (F ℘ ) i.e. v is fixed by certain compact open subgroup of GL 2 (F ℘ ) .
Let V be a Banach representation of GL 2 (F ℘ ) over E, denote by V Qp−an the E-vector subspace generated by the locally Q p -analytic vectors of V , which is stable by GL 2 (F ℘ ) and hence is a locally
and hence an E-linear map d χ :
Denote by t the Lie algebra of T (F ℘ ), the character χ induces a character dχ of t Σ℘ := t ⊗ Qp E given by
Completed cohomology of quaternion Shimura curves
Recall some facts on completed cohomology of quaternion Shimura curves, following [21] and [32] .
All these groups (O E -modules or E-vector spaces) are equipped with a natural topology induced from the discrete topology on the finite group
, and equipped with a natural continuous action of H p × Gal(Q/F ) and of K p ∈ S W0 . Moreover, for any l ∈ S(K p ), the action of Gal(F l /F l ) (induced by that of Gal(Q/F )) is unramified and satisfies the Eichler-Shimura relation: (6) Frob
where Frob l denotes the arithmetic Frobenius, ℓ the prime number lying below l, f l the degree of the maximal unramified extension (of
Consider the ordered set (by inclusion)
where all the transition maps are topological isomorphisms (cf. [21, Lem.
2.2.8])
. These E-vector spaces are moreover equipped with a natural continuous action of GL 2 (F ℘ ).
(2) One has a natural isomorphism of Banach representations of GL 2 (F ℘ ) invariant under the action of H p × Gal(F /F ):
2.2.
Localization at a non-Eisenstein maximal ideal. Let ρ be a 2-dimensional continuous representation of Gal(F /F ) over E such that ρ is unramified at all l ∈ S(K p ). Let ρ 0 be a Gal(F /F )-invariant lattice of ρ, and ρ ss the semisimplification of ρ 0 /̟ E , which is in fact independent of the choice of ρ 0 . To ρ ss , one can associate a maximal ideal of H p , denoted by m(ρ ss ), as the kernel of the following morphism
Keep the notation in §2.1.
. Suppose in the following that ρ is absolutely irreducible modulo ̟ E and put ρ := ρ ss .
Proposition 2.3 ([32, Prop.5.2]). The map (8) induces an isomorphism
where
E denotes the space of continuous functions from
Let ψ be a continuous character of Z 1 over E. We see
Corollary 2.5. Let ψ be a continuous character of Z 1 such that ψ| (Z(Q)∩K p H℘)p = 1, then one has an isomorphism of H ℘ -representations
where Z 1 acts on C U 1 , E ⊕r by the character ψ, and U 1 by the right regular action.
Eigenvarieties

Generalities. Consider the admissible locally
, by applying the functor of Jacquet-Emerton (cf. [22] ), one obtains an essentially admissible locally Q p -analytic representation
Denote by T Σ℘ the rigid space over E parameterizing the locally Q p -analytic characters of T (F ℘ ). By definition (of essentially admissible locally Q p -analytic representations, cf. loc. cit.), the action of
(where "b" signifies the strong topology) can extend to a continuous action of O( T Σ℘ ) (being a Fréchet-Stein algebra) such that
There exists a rigid analytic space V(K p ) over E together with a finite morphism of rigid spaces i :
and a morphism of E-algebras with dense image
is uniquely determined by its image χ in T Σ℘ (E) and the induced morphism λ : H p → E, called a system of eigenvalues of H p , so z would be denoted by (χ, λ);
is non zero; (3) there exists a coherent sheaf over
Proof. It's sufficient to prove for any closed point (χ, λ) of V(K p ), the morphism λ :
Since the rigid space T Σ℘ is nested, by [1, Lem.7.2.11], one has
where we refer to loc. cit. for the topology).
It would be convienent to fix a central character (in the quaternion Shimura curve case), let w ∈ Z, consider the (essentailly admissible) locally Q p -analytic representation
One can construct an eigenvariety, denoted by V(K p , w), in the same way as in Thm.3.1 which satisfies all the properties in Thm.3.1 with
3.2. Classicality and companion points.
One has a natural T ( (12) induces a bijection between generalized eigenspaces note that the action of
we say that z admits an S-companion point if z 
then z admits a σ-companion point. Moreover, there exists S ⊆ J containing σ such that z admits an effective S-companion point.
Proof. We sketch the proof. Let
we deduce that v 
in quasi-S-classical, in particular, the point z is quasi-S-classical.
Proof. We sketch the proof. For σ ∈ S, if there exists a non quasi-σ-classical vector
by Prop.3.6, z admits an effective
By the adjunction formula as in [19 
There exist thus smooth characters ψ 1 , ψ 2 such that (note that k χ1,σ + k χ2,σ = −w)
then the point z is S-classical. 3.3. Localization at a non-Eisenstein maximal ideal. Let ρ be a 2-dimensional continuous representation of Gal(F /F ) over E, suppose that ρ is absolutely irreducible modulo ̟ E and there exists an irreducible algebraic representation W of G c such that w) . We fix this w in the following. Consider the essentially admissible locally Q p -analytic
, whose strong dual gives rise to a coherent sheaf M 0 (K p , w) ρ over T Σ℘ . As in Thm.3.1, one can obtain an eigenvariety V(K p , w) ρ together with a coherent sheaf Corollary 3.11. With the notation in Cor.3.9, suppose moreover z in V(K p , w) ρ , let v be a vector in
being a character of T (F ℘ ) .
Remark 3.12. Note that T (F ℘ ) acts on W (k Σ℘ , w) ∨ N0 via χ(k Σ℘ , w), the embedding of the vector space (18) into (17) is obtained by taking N 0 -invariant vectors of the following
We study in details the structure of
One has thus a finite morphism of rigid spaces (which is moreover an isomorphism when p = 2)
where (T ′ ) Σ℘ and (Z 1 ) Σ℘ denote the rigid spaces parameterizing locally Q p -analytic characters of T ′ and
as a closed subspace of T Σ℘ , which is finite over (T ′ ) Σ℘ .
, let H be the O E -algebra generated by H p and ̟ 0 0 ̟ , • P j (z) ∈ 1 + zA i [z] is a polynomial of degree d j with leading coefficient being a unit, • there exists Q j (z) ∈ 1 + zA i {{z}} such that F i (z) = P j (z)Q j (z) and that (P j (z), Q j (z)) = 1.
As in the proof of [19, Prop.5.A.6], one can show M 2 (U ij ) is a finite locally free A i -module of rank d j , equipped with an A i -linear action of H such that the characteristic polynomial of Π is given by P j (z), and that Q j (Π) acts on M 2 (U ij ) via an invertible operator. Denote by H ij the A i [z]/P j (z)-algebra generated by the image of the natural map
which is also the A i -algebra generated by the image of the map H → End Ai (M 2 (U ij )) (since Π ∈ H). Definition 3.14. For a character χ of T (F ℘ ), we say that χ is spherically algebraic if χ is the twist of an algebraic character by an unramified character. We call a closed point z = (χ, λ) of V(K p , w) semi-stable classical if z is classical and χ is spherically algebraic.
Denote by C(w) the set of semi-stable classical points in V(K p , w) ρ . By the same argument as in the proof of [15, Prop.6.2.7, Prop.6.4.6], the following proposition follows from Cor.3.9. 
Families of Galois representations.
Families of Galois representations on eigenvarieties. Keep the notation in
Denote by S the complement of S(K p ) in the set of finite places of F , which is hence a finite set. Denote by F S the maximal algebraic extension of F which is unramified outside S.
For any z ∈ C(w), by [14] (and Cor.3.11), there exists a 2-dimensional continuous representation ρ z of Gal(F /F ) over k(z), the residue field at z, which is unramified outside S and hence a representation of Gal(F S /F ), such that (see also (6))
where a l,z , b l,z ∈ k(z) denote the respective evaluation of a l and b l at z. In particular, one has tr(Frob 
In general, by [ 
is Zariski-dense in U ′′ and hence Zariski-dense in U . The converse is also true, i.e. for any (ϕ, Γ)-module D free of rank 1 over R E , there exists a continuous character δ : 
Such an exact sequence is called a triangulation, denoted by (ρ, δ 1 , δ 2 ), of D rig (ρ) (and of ρ).
We refer to [31] for a classification of 2-dimensional trianguline representations of Gal(Q p /F ℘ ). Note that if ρ is semi-stable, then ρ is trianguline, if ρ is moreover non-crystalline, then the triangulation of ρ is unique. . Let ρ be a 2-dimensional trianguline representation of Gal(Q p /F ℘ ) over E with (ρ, δ 1 , δ 2 ) a triangulation of ρ. For σ ∈ Σ ℘ , we say that ρ is non-σ-critical if k δ1,σ − k δ2,σ ∈ Z ≥1 . More generally, for J ⊆ Σ ℘ , we say ρ is non-J-critical if ρ is non-σ-critical for all σ ∈ J, we say ρ is non-critical if ρ is non-Σ ℘ -critical.
For a closed point
If z ∈ C(w), we see k z,σ ≡ w (mod 2) for all σ ∈ Σ ℘ (note that C(χ z ) = Σ ℘ in this case). The following theorem can be easily deduced from the results in [33] (together with Cor.3.11 and the results of [31] on triangulations of semi-stable representations, see [19, Prop.6.2 .44] for the unitary Shimura curves case).
Theorem 3.22. Let z = χ z,1 ⊗ χ z,2 , λ z ∈ C(w), then ρ z,℘ is semi-stable (hence trianguline) with a triangulation given by (21) is non-S-critical.
Denote by C(w) 0 the subset of C(w) of points z such that 
Proof. Since V(K p , w) ρ,red is nested, and C(w) 0 is Zariski-dense, there exists an irreducible affinoid neighborhood of z such that C(w) 0 ∩ U (E) is Zariski-dense in U (e.g. see 
As a result, the point z is quasi-S-classical.
Proof. The second part follows from the first part and Prop.3.6. We prove the first part. Let S ′ ⊆ S, S ′ = ∅, suppose z admits an S ′ -companion point z 
By the hypothesis (23) and [31, Thm.3.7] , one can check the triangulations ρ z c S ′ ,℘ , δ z c S ′ ,1 , δ z c S ′ ,2 and ρ z,℘ , δ z,1 , δ z,2 are the same. As a result, one sees S ′ ⊆ Σ z , a contradiction. 
By [28, Thm.6.3.9] , Z U0 := {z ′ ∈ U 0 (E) | Σ z ′ = ∅} is a Zariski-closed subset of U 0 and z / ∈ Z U0 . So there exists an open affinoid U of U 0 containing z such that Z U (defined in the same way as Z U0 by replacing U 0 by U ) is empty. The corollary follows. (2) is equivalent to ψ z,1 (q̟) = ψ z,2 (̟). If one considers the Galois representation ρ z,℘ (which is semi-stable), this condition means the eigenvalues of ϕ d0 on D st (ρ z,℘ ) are different.
3.4.3.Étaleness of eigenvarieties at non-critical classical points. Let
Consider the natural morphism
where the last map is induced by the inclusion Z ′ 1 → T (F ℘ ) (see also (20) ). This section is devoted to prove the following result. (1) the affinoid spectrum
Let Z 0 ⊆ U be the set of closed points χ such that any point in κ −1 (χ) ∩ V (E) is classical, thus Z 0 is Zariski-dense in U by Thm.3.8, note that υ ℘ (χ z ′ ,1 (̟)) is bounded for z ′ ∈ V (E) , and Z := κ −1 (Z 0 )∪{z} is Zariski-dense in V . Up to shrinking Z 0 , one can assume that for any z ′ ∈ Z, (a) Σ z ′ = ∅ (since z is supposed to be non-critical, for z ′ = z, this would follow from Thm.
One has an isomorphism (cf. (14))
Lemma 3.27. Keep the above notation, any vector in
is classical.
Proof. Suppose there exists a non-classical vector v, thus there exists σ ∈ J, such that v is non-σ-classical. By [19, Lem.6.3.15] , one can prove z ′ admits a σ-companion point, which would lead to a contradiction by the same argument as in the proof of Cor.3.24.
Keep the above notation (so z
(being a smooth character of T (F ℘ )), T 0 := Z 1 Z ′ 1 , by Lem.3.27, Cor.3.11, one has an isomorphism of k(z ′ )-vector spaces
Denote by δ(z ′ ) the dimension of the above vector space over k(z ′ ). Set
where (K p ) ′ runs over compact open subgroups of K p , this is a smooth admissible representation of G(A ∞ ) equipped with a continuous action of Gal(F /F ). One has a decomposition of
where π runs over irreducible smooth admissible representations of G(A ∞ ). It's known that if ρ(π) = 0, then dim E ρ(π) = 2 (e.g. see [14, §2.2.4] ). A necessary condition for ρ(π) to be non-zero is that there exists an admissible representation π ∞ of G(R) such that π ∞ ⊗ π is an automorphic representation of G(A) (we fix an isomorphism E ∼ − → C). Note that one has
For an irreducible smooth admissible representation π of G(A ∞ ), π admits thus a decomposition π ∼ = ⊗ l π l with π l an irreducible smooth admissible representation of (B ⊗ F F l ) × , where l runs over the finite places of F . Recall (e.g. see [27, Thm.VI.1.1(4)]) Proposition 3.28. Let π 1 , π 2 be two automorphic representations of G(A), if π 1,l ∼ = π 2,l for all but finitely many places l of F , then π 1 ∼ = π 2 .
By this proposition (and the above discussions), there exists a unique irreducible smooth admissible representation π z ′ of G(A ∞ ) such that the action of H p on (π z ′ ) K p is given by λ z ′ and that ρ(π z ′ ) = 0 one has in fact ρ z ′ ∼ = ρ(π z ′ ) . Thus
We have the following facts:
from which we deduce
Denote by S ′ the complement of S(K p ) ∪ {℘} in the set of finite places of F (thus S ′ is a finite set), we also deduce (compare with [16, (4.21) 
By the same argument as in the proof of [16, Thm.4.8] , one can prove δ(z ′ ) ≥ δ(z) for all z ′ ∈ Z, and then deduce that O(V ) ∼ = O(U ) ⊗ E k(z). The theorem follows. 
4. L-invariants and local-global compatibility
Let k 1,σ , k 2,σ ∈ Z, k 1,σ < k 2,σ for all σ ∈ Σ ℘ ; let ρ be a 2-dimensional semi-stable non-crystalline representation of Gal(Q p /F ℘ ) over E of Hodge-Tate weights (−k 2,σ , −k 1,σ ) σ∈Σ℘ . By Fontaine's theory (cf. [25] , [26] ), one can associate to ρ a filtered (ϕ, N )-module (D 0 , D) where
Gal(Qp/F℘) is a free F ℘,0 ⊗ Qp E-module of rank 2 equipped with a bijective F ℘,0 -semi-linear and Elinear endomorphism ϕ and a nilpotent F ℘,0 ⊗ Qp E-linear operator N such that N ϕ = pϕN , and that
Gal(Qp/F℘) is a free F ℘ ⊗ Qp E-module of rank 2 equipped with a decreasing exhaustive separated filtration by F ℘ ⊗ Qp E-submodules. (24) ϕ(e 0,σ0 ) = e 0,σ0•ϕ −1 .
Using the isomorphism
Since Ker(N ) σ0 is stable by ϕ d0 , there exists α ∈ E × such that ϕ d0 (e 0,σ0 ) = αe 0,σ0 by (24), we see α is independent of σ 0 . Since N ϕ = pϕN , there exists a unique e 1,σ0 ∈ D σ0 such that N e 1,σ0 = e 0,σ0 and ϕ d0 (e 1,σ0 ) = qαe 1,σ0 (thus D σ0 = Ee 0,σ0 ⊕ Ee 1,σ0 ).
Using the isomorphism
Since ρ is of Hodge-Tate weights (−k 2,σ , −k 1,σ ) σ∈Σ℘ , for all σ ∈ Σ ℘ , there exists (a σ , b σ ) ∈ E ×E \{(0, 0)} such that
We suppose ρ satisfies the following hypothesis.
Remark 4.2. This hypothesis is automatically satisfied when F ℘ = Q p by the weak admissibility of
One sees easily that L σ is independent of the choice of e 0,σ . An important fact is that one can recover D st (ρ), D dR (ρ) (and hence ρ) by the data:
Note that by the hypothesis 4.1, ρ admits a unique triangulation given by
4.2. L-invariants and locally Q p -analytic representations. Keep the above notation, following [37] , one can associate to ρ a locally Q p -analytic representation of GL 2 (F ℘ ). We recall the construction (note that the log maps that we use are slightly different from those in [37] ) and introduce some notations. Let w ∈ Z, k σ ∈ Z ≥2 for all σ ∈ Σ ℘ such that k σ ≡ w (mod 2), suppose ρ is of Hodge-Tate weights −
, which is a continuous character of T (F ℘ ) over E. Consider the parabolic induction
we have the following facts
• the unique finite dimensional subrepresentation of Ind
• the maximal locally algebraic subrepresentation of the quotient Σ k Σ℘ , w; α := Ind
is St(k Σ℘ , w; α) := St ⊗ E V (k Σ℘ , w; α), which is also the socle of Σ k Σ℘ , w; α (where St denotes the Steinberg representation).
Let ψ(L Σ℘ ) be the following
One gets thus an exact sequence of locally Q p -analytic representations of GL 2 (F ℘ ):
One has thus an exact sequence
One has an isomorphism of locally Q p -analytic representations of GL 2 (F ℘ ): where Π(ρ) lalg denotes the locally algebraic vectors of Π(ρ).We can now announce the main result of this article. which induces an isomorphism between the locally algebraic subrepresentations.
Such a result is called local-global compatibility, since the Π(ρ ℘ ) are constructed by the local parameters (i.e. parameters of ρ ℘ ) while Π(ρ) Qp−an is a global object. By the isomorphism (26), the theorem 4.4 would follow from the following proposition. We know χ τ ≡ χ (mod ǫ). Since the image of (35) lies in T Σ℘ (w) (cf. (11)), we see χ τ | Z1 = N −w and thus ( χ τ χ −1 )| Z1 = 1.
Lemma 4.12. There exist γ, η ∈ E, µ ∈ E × such that ψ τ := χ τ χ −1 = unr(1 + γǫ)(1 − µǫ log τ,0,̟ ) ⊗ unr(1 + ηǫ)(1 + µǫ log τ,0,̟ ).
Proof. The lemma is straightforward. Note that µ = 0 since t τ (as an element in the tangent space) is non-zero.
By multiplying ǫ by constants, we assume µ = 1 and thus ψ τ = unr(1 + γǫ)(1 − ǫ log τ,0,̟ ) ⊗ unr(1 + ηǫ)(1 + ǫ log τ,0,̟ ).
The following lemma, which describes the character χ τ in terms of the L-invariants, is one of the key points in the proof of Prop.4.9. . We have thus 
